JIyurree  manopaHroBoe — mpHONIVDKeHUe: — Teopema
JKKapra—JslHra

Camoe 3amMmeuarenpHoe cBOMCTBO SVD cocTOMT B TOM, UTO OHO
II03BOJISIET YHUMAMb MaTPULLy, BBIOpachIBast BCE «HeECYII[eCTBEH-

HOE».

Pasnoxcenue no cnazaemuvim paHea 00UH

[lepennimem (0.1) mo-gpyromy. O60o3HauMM CTONGIBI MATPUILI U
yepes Uy, ..., U,, (3TO Jresble CUHZYISIPHbIE GeKMOPbL), & CTOIOLBI V/
— uepes vy, ..., v,, (npasvie cuneynspuvie sekmopwi). Torma A ectpb

CyMMa 7" CJlara€MbIX, KaXJO€ 13 KOTOPBIX MMEET PAHT OOVIH:
T
=1

Kaxmoe ciaraemMoe u,;v; — 370 «BepTUKATbHBII BEKTOP YMHOKUTD
Ha TOPM3OHTAIBHBII», I OHO caMo I10 cebe ABIAETCS MaTpUIEN

panra oauH (puc. 0.2).

u uv

1xn Puc. 0.2. Marpuia panra oguH: KayKbIil CTOJI0eL]
pesyJsbTaTa IpOIOPIMOHANIEH U, KaXKAasd CTPOKa —
HpOHOpLU/IOHaJILHa-E). Yr006BI €€ XpaHUTD, JOCTATOU-
HO M -+ 7N 4UCeJ BMECTO 1.

m X 1 m X n, paur 1

Ecnu ob6opBats cymmy (0.3) Ha k-M cinaraemom (k < r), moiy-

UMM NIPUOIVDKEHe:
k
Ak:Z o, ;. (2)
i=1

910 MaTpuIa TOro Xe pasmepa m X 7, HO paHra BCEro JINIIb k.

Teopema Ixkapma—~Anea: A, —

Hauryuulee npubruxceHue

Teopema 0.3. IxkapT—AHr-Mupckmit (1936/1960)



Cpenu Bcex matpun B pasmepa m X n panra He Ooiee k
matpuua A, u3 (0.4) maér HauMeHbwiyH OILINOKY B CMBICIE

CIIEKTPAJIBHO HOPMBI:

min || A—B |=[| A~ A4 =0k (3)
2 2

rank B <

3necs || M ||= max,_ || Mz = 0y(M) — cnexrpanbHas
2

HopMa Matpuubl M (paBHa eé HaUGOJIbILIEMY CUHTYIIPHOMY

ynciay). YTBep:KaeHue OCTaéTcs B CUile U It (hpoOeHU)Co80li
2.
Hopw™mel || M ||= | /Zijmij‘
F )

| A— A, l|?|:\/a,3+1 4+ 02+ .+ 02, (4)

CMBICII TEOPEMBI: eciTU X0Uemcs Cxamv Mampuyy 0o pauea k, myu-
wee, UMo vl MoJceme coesiamy, — 0cMmagumy nepevie k komnonenm
SVD. Omubka KOHTPONUPYETCS OMOPOULeHHbIM CUHTYISPHBIM

UMCIIOM O 1.

IIpumep: cicamue uzobpaxcerus

Bospmém dororpaduro 512 x 512 B rpaganusax ceporo. XpaHeHne
«B J100» — 370 512 - 512 = 262 144 uncina. IIpumennmM Kk MmaTpuie
doro SVD u ocTaBMM TOJBKO Kk CTapIINX KOMIIOHEHT: IPUAETCI
XPaHUTb

k- (512 + 512) + k=Fk - 1025 (5)
quces — TI0 OJHOMY CTOJIOIY wU;, OTHOM CTPOKEe v; M OTHOMY
4uNCIy 0, Ha Kaxjgoe ciaaraemoe. Yxxe npu k = 50 ato ~ 51250
4ycesl — B NAmb pa3 MEHbIIEe JICXOJHOTO, a BU3YAJIBHO IIOTEpPS

mouTu He3ameTHa (puc. 0.3).

import numpy as np
import matplotlib.pyplot as plt
from skimage import data, color

# Load and convert to grayscale
img = color.rgb2gray(data.astronaut()) # shape (512, 512)
U, S, Vt = np.linalg.svd(img, full_matrices=False)

# Reconstruct using only top-k singular components
ranks = [1, 5, 20, 50, 200]
fig, axes = plt.subplots(1, len(ranks)+1, figsize=(14, 3))
axes[0].imshow(img, cmap="gray'); axes[0].set_title('original’)
for ax, k in zip(axes[1:], ranks):
A_k =U[;, :k] @ np.diag(S[:k]) @ Vt[k, :]
ax.imshow(A_k, cmap='gray’)
ax.set_title(f'rank {k}')
for ax in axes: ax.axis('off")
plt.tight_layout(); plt.show()



k=64
(opurusam)

1 LoRA: MaJIOpaHTOBas afaITanys OOJMBIINX MOeIeil

B 2021 r. 9gBapa Xy ¢ coaBTOpaMM 3aMeTIIIN: KOTa OO0JIBIIYIO
S3BIKOBYIO MOJIEJIb JOOOYYAIOT Ha HOBYIO 3a7auy, 00HOGIEHUe
marpui] BecoB AW okasbIBaeTcst IIOYTU MaJOPAHTOBON MaT-
pureit. ITosromy Bmecto 00yueHus «moiHoi» AW MoxHO
cpasy uckath eé B Bume AW = UV ¢ manenskum k, tne U,V
— TOHKIE MPSIMOYTOJbHIKI.

910 meton LoRA (Low-Rank Adaptation). [lns momenu ¢ 175
MIWLIMAPIaMI IIapaMeTPOB TaKOM IMPUEM COKpaIlaer o0bEM
moo0yuaeMbIX BECOB B THICSUM pa3 — ¥ MMEHHO Oyiaropmapsi
€My CEeroHsI MOKHO «I0(MaTHTIOHUTH» OOJIBIIYI0 MOIETh Ha
OBITOBOII BUIEOKAPTE.

Teopernueckuit pyngamenT LoRA — ta camas Teopema k-

Kapra—sura 0.3, koropoii moutu 90 jert.

Puc. 0.3. Masopanrosoe npu6ImKeHne IopTpeTa
acTpoHaBTa. Yxe mpu panre 50 nzobpakeHue BU3Y-
aJIbHO HEOTIIMUMMO OT OpuUTruHaa; npu parre 200
BOCCTaHOBJIEHNE UeanbHo. ITo Teopeme Dkkapra—
Anra sto myuwee npubmnkenne GUKCHPOBAHHOTO
paHra.
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